SO GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI CAP THANH PHO
HA NOI LOP 9 CAP THCS NAM HOQC 2024 — 2025

DE CHINH THUC Moén thi: TOAN
Ngay thi: 17 thang 01 nam 2025
Thoti gian lam bai: 150 phut

Bai I (5,0 diém)
1) Gidi phuong trinh 3z +5— (2 +4)Jz+1 = 0.
a>+1 bV+1 F+1

2) Cho a,b va ¢ 1a cac s thuc khac 0 thoa mén = ; = . Tinh gi4 tri cta biéu
a c
thie P = (a —0)(b —¢)(c —a)
Bai II (5,0 diém)

1) Mot cong ty can thué xe dé van chuyén 100 tan hang. Pon vi cho thué xe chi c6 hai loai xe. Loai
xe thir nhat mdi xe chd duoc 18 tin hang, co6 gia cho thué l1a 18 triéu déng mot xe. Loai xe thir hai mdi
xe ché duoc 12 tin hang, c6 gia cho thué 1a 12 triéu dong mot xe. Hoi chi phi thué xe nhé nhit ma cong
ty phai tra dé van chuyén 100 tin hang 1a bao nhiéu?

2) Tim céc s6 nguyén duong z,y thoa man 4z° = ¢*(z +y +2).
Bai II (2,0 diém)

Cho a,b va ¢ 1a cac s6 thuc khong am thoa man 3(a’ + b + ¢*) + 2abe = 12.

a) Chirng minh 2a + bc < 4.

b) Tim gia tri 16n nhét va gia tri nhé nhat ctia biéu thirc P = 4a + 4b + c.
Bai IV (6,0 diém)

Cho tam giac ABC can tai A, ndi tiép dudng tron (0), BAC < 60°. Goi H 1a tryc tim ciia tam

giac ABC va D 1a diém dbi ximg v6i H qua duong thang BC . Ké dudng kinh CM cua duong tron
(0).

a) Chirng minh MD la tia phan giac cia goc BMC'.

b) Goi N 1a giao diém cua hai duong thang CH va MB. Puong thing qua H va song song voi
duong thang BC' cat duong thang MD tai diém P . Chimg minh ANP = 90°.

¢) Puong thing AP cit duong thing BC' tai diém F, duong thing BH cat dudong thang MC tai
diém F.Chtng minh EF 13 tiép tuyén cia duong tron dudng kinh AP .
Bai V. (2,0 diém)

1a binh phuong ctia mot s6 nguyén td.

2 2
1) Tim céc s6 nguyén duong z,y dé (z7y ; 12) 9
Y
2) Mot sé nguyén duong n dugc goi la co tinh chdt T néu n6 viét duoc dudi dang tong cia k sb

nguyén duong 1¢ lién tiép, vOi k 1a mot s6 nguyén duong tuy y 1on hon 1.

a) Chimg minh rang 2025 12 mot sb c6 tinh chit T.

b) Tim tat ca cac s ¢d tinh chit T.

Hét
Can bo coi thi khong giai thich gi thém.

Hoténthisinh ... .o, Sébaodanh i.............ceinnnnn,




HUONG DAN GIAI
Cao Vin Diing — Ta Khanh Ha — Nguyén Vin Tam — Nguyén Pirc Hai (CLB Toan Ha Noi HMC)
Bai I
1) Giai phuong trinh 3z +5— (2 +4)Jz+1 = 0.

Diéu kién: z > —1. Pua phuong trinh d cho vé (\/:1: +1 - 2)(\/:1: +1—-2— 2) =0.

Gidira = = 3 (thoa man diéu kién).

Vay phuong trinh c6 nghiém duy nhat z = 3.

2) Néu trong ba sb a,b, ¢ co it nhat hai s6 bang nhau thi P = 0.

14 r . . . 4 ]_ ]_ 1
Neéu ba s0 a,b, ¢ d6i mdt phan biét thi tir gia thiét suyra a +— = b+ 5 =c+—,nén
a c

1 1 — ~
a—b=-—>=2 b,dod(') ab =1. Tuong ty bc = ca =1 nén a = b = ¢, mau thuan.

Bai II
1) Goi sb xe 18 tAn va 12 tin trong tng 1a z (xe) va y (xe) (Jz,y € N)

Chi phi thué xe 1a 18z + 12y (triéu dong)

Pé cho hét 100 tan hang thi 18z 4 12y > 100, mat khac vi 182 + 12y : 6 nén 18z + 12y > 102 .

Piang thirc xay ra chang han khi 2 = 5;y = 1 (thoa man).

Vay chi phi nho nhét dé thué xe 13 102 triéu dong.

2z

2) Gia st 42° = ¢’ (z +y +2) thi [
)

3
) 2
] :2<x+y+2)€N*,déndén—x€N* hoéc—xvéti.
Y Y

Nhung z,y nguyén duong nén 2 —keN*.Dindén 2z = yk va k* = yk + 2y +4.
Y

Suyra y(k+2)=k"—4=%k +8—-12=(k+2)(k* —2k +4) —12 nén
(k+2)(k* =2k +4—y)=12.

Laico k+2>3 nén k+2¢€ {3;4;6;12},ta c6 bang sau:



k+2 3 4 6 12
K —2k+4—y 4 3 2 1

Yy —1 (loai) 1 10 83
x 1 20 415

Thir lai, ta duoe (z;y) € {(1; 1);(2010);(415; 83)} .

Bai III
v ik 2
a) Tu gia thiét suy ra az—i-bz—i-cz—{—gabc:él, suyra a® +b> 4+ c¢* <4, nén 0 < a,b,c <2.
2
b_c> a2—|—b2—|—cz

TacéO§<a_2) +( = —i—2—(2a+bc)§4—<2a—|—bc>.
2 2 2

Do d6 2a + be < 4.

2 I
b)Timmin:ViOSa,b,cSQnén4:a2—|—b2+02+§abc§(a+b+c>2,déndén a+b+e>2.

Tirdd da+4b+c¢>a+b+c>2.Pangthic xayrakhi ¢ = b = 0;¢ = 2.
Vay gia tri nho nhat cua P 1a 2.

Tim max: Ta co

i= ¢ Babe = (0] 40 2o 3)ab > (a4 4 o) (o]
(vi c—3 < 0).Dan dén 4 Z%-(a—kbr +¢*, suy ra <a+b)2 §—24;1202 ,hay a +b < f—Qi;ZCQ

2
SuyraP:4(a+b>—|—c§4,f24—66—l—c.
c+3
2
Mat khac ta co 4 %—I—cﬁ&ﬁ@c
\ ¢

Do d6 P < 82 . Péng thic xdy rakhi a = b = +/2;¢ = 0.

& (99 _ 16\/5) c+ (128 _ 16\/5)] > 0, luon déng,

Vay gia tri 16n nhit cia P 1a 8\/5 .



Bai IV.
a) Xét tr giac BHCD c6 hai duong chéo cit nhau tai trung diém mdi
dudng suy ra BHCD 14 hinh binh hanh, ma HD 1 BC nén BHCD
1a hinh thoi. Lai c6 H la tryc tdm tam giac nén

ABD = ACD =90°suyra D € (O)

Ta thdy: MB / /AD (vicling vuong géc BC ) nén N o

BMD = ODM = OMD

Suy ra MD la phan giac cia goc BMC'.

—

b) Tathidy NBA = BAD = CAD = PDA.
Lai ¢c6: BNHD la hinh binh hanh nén BN = DH, AB = MD.

BN DH _DP

— 2% _ 2L 4indén AANB «» AAPD (c.g¢), NAB = PAD
BA DM DA

Suy ra:

o —_— o —

Suy ra: NAP = BAD . Tirdé6 AANP «» AABD (c.g.c) va ANP = ABD = 90°

¢) Goi U 1a giao CN va AB, K 1a trung diém BC .

T caub)taco NAB = ITATD, suyra AANU <> AAEK (g.g), dan dén i—]l\; = j—g,]ﬂ\U — PAH
Vi NAE = UAR, AN AU an ANAE «» AUAK(c.g.0).
AE AK

— e

——— —

Goi I 1atrung diém AP, Tacd INE = INP + ENP = INP + NAP = 90".
Suy ra EN la tiép tuyén duong tron dudng kinh AP.
Goi Zla giao BH va AC. Chirng minh dwgc ABUN = ACZF(ch — gn).

—

Taco AANB = AAFC(c.g.c) va AE la phan giac NAF.
Suy ra ANAE = AFAE(c.g.c), dan &én EN = EF.
Do d6 AENI = AFEFI (cc.c),suyra IF | EF.

Suy ra EF 1 tiép tuyén duong tron duong kinh AP .



Bai V

(a:Qy — 1)2 +9

2

1) Gia str = p*, v6i p 1a mot s6 nguyén to.

2y
Suy ra 2p%y* = z'y* — 22y + 10, din dén 10'y.
Trwong hgp 1: y:2 thi 10 = 2p°y* — z'y* + 22°y: 4, loai.
Truwong hop 2: y 1€ thi y € {1;5} . Xét mod 3, ta dugc 2p*y® = (xzy — 1)2 +9=0,1 (mod 3), luu y
p’y’ = 0,1 (mod 3) , nén chi c6 thé xay ra p*y® = 0 (mod 3), ma y khong chia hét cho 3 nén p'3.
Do do p = 3.
Lan luot thay y = 1;y = 5, ta tim duoc (a;,y) = (2;1).

2)
a) Taco 2025 = 673 + 675 + 677 nén 2025 12 mot s ¢d tinh chit T.
b) Xét hai trudng hop

Truong hop 1: n chan.

Néu n 13 86 ¢d tinh chdt T thi k phai chin nén trong tong n s& ¢ cac ciap sb 1¢ lién tiép nén chia hét
cho 4. Do d6 n:4.
1a téng hai s6 1¢ lién tiép nén n 1a s 6 tinh chit T.

Nguoc lai, néu n:4 thi n :[g—l]—i— g—kl

Truwong hgp 2: n 1& thi k 1é.

Néu n 1a sd ¢6 tinh chat T thi ton tai m € N dé

n:(2m—l—1>+(2m+3)—i—...+(2m—|—2k—1):%<2m+1+2m—|—2k—1)k:k<2m—i—k).

Péyrang 3 <k <2m+k nén n 13 hop s6 1é.
Nguoc lai, néu n 1a hop sb 1¢ thi n = ab (a,b € N*,3 < a < b), khi 6 ta tim duoc
k=a2m=0b—a dé n 1a s6 cé tinh chit T.

Vay tit ca cac sb c6 tinh chdt T1a n'4 va n 1a hop s 1é.



